
MMP Learning Seminar

Week 40 :

Applications of the existence of minimal

models for varieties of general type .

→ Flops connect minimal models
.

→ Fano varieties are Horr dream
spaces .

→ Canonical models of Mgm
→ Applications to singularity theory .



Theorem : IX.d) projective KIT . If I is big , then
- -

there exists a minimal model program
with scaling of

an ample truism which terminates .

Corollary : (XD ) projective KIT , 4 big & Kita

is pseudo - effective .
Then IX.d) admits a good minimal motel

Theorem : IX.d) projective 1×16 . Then

⑤ H°( X
,
Oxcmlkxtl )))

MZO

is finitely generated over III.

IX.a) hit it big .

I
MMP with scaly

✗ to puff - (Xa) - - → (X'

.LY ) tilt
, big .

Kx ' + is semiample .

With not pseff . IX.d) - - -→ X
'

I. c- Mori fiber space/
Z

MMP with sealing .



Flops connect minimal models :

te :X→ -0
pro; morphism between

g.p
normal / ×' " '"assumed

/
to be

IX.d) bit
,
I by over V.
=

② -factor, / .

§i :X -- - - Yi for i-s.es be two minimal

motels for CX , a)
. over 0.

Let Ii = 0/1*4
.

Then Y, - - → Tz is a composition of (K-a +177 - flops over 0.

Proof :
y, - -- s

-q ke
,
+ I, is net over -0 '

Ii is big , GGP, ) a- It

amplem¥Z§
§ ,

1×-9+17=-2-0 . & Heat II _=¥
.

9
We may replace V with Z and assume

Hz ample on Yz & Hi its strict transform on Ys
.

(Ys
,
I, + Hs ) is KIT .

. assume He
,
+ I. + H , is not hef .

We perform a lk-c.tt?itHi ) - flip over -0 which is

T2 (ke . +17 ) - flop.



small
Yi - -- → Tz

Ti

Sf small morphism÷÷÷
*

between war .
÷ Yz

K-atpi-H-cc.tt?z---o0h-i+IitHi
is net ? yes → stop .

no → new flop .

Kyi + Fei + HT ' is semi ample

Ktzttz + Hz is ample
a) is the ample motel .

El



Proof by Kawamata :
✗ & X

'

On - fact .

IX. B) -7¥ - > Cx:B '

)

flops!
CX ,¥g .

Minimal motels

flop#

,
Bal

L
'

ample on X
'

.

(X
,
B +2L ) It .

(Xn ,Bn+2Ln ) *It &

Kint Bnt Zln nef .

he ( Kx +B) is Cartier , e =
1-
2hr4m✗ +1

^

K×+Bte2L is not net →

(k×+Bte2L) -
neg

extremal ray which is also a

Ckx +81-21 ) - negative .

0 > (( Kx +8+21 ) - C) 3 -2J.mx.



Claim : Ck×tB ) -

C - O
.

Proof : Assume otherwise that &x+B) . C - o .

Then Ckxt B) 3¥ .

(K×+Bte2L ) - C =

z,

-2dm✗
>
£ .

1- ((16×+13+21) .C It 2t&m×_ Clkxtb )-C)
2hr4mXTI 2hr8mn✗ + I

§
1- ( - zdimxt 2dm ✗ ) - o
Zlsdimx 1- I

Kx+B

✗

Remains : The
sequence of flops

that Kawamata

constructs are obtained by a MMP with seating of

an ample tumor for CX
,
B+e2L ) .

÷
÷.



Fano varieties are Mori dream
spacer :

Corollary : R:X→ -0
prov morphine .

Ako ample ② - thorn over V. = A + Bi
.

where Bi > 0 Q - divisors
.
Assume CX.LV ) are Jlt .

Kxt di - Di . Then the
ring

Rcn ,D• ) = ④ Rx ②✗ ( Limited )
breath

is a finitely generated Go - motile

Proof : fit→ ✗ log resolution of all the (✗ id:)

k-ct-i-R-lkxtdltk.it
A- ample on X .

F exceptional out f-•A - F ample ont.
is

log
"ÉY

" "
" " +" " "" "→ £"" " " "°"

G- i = Kt + Ii 1- F- f-
• A + A

'
- o.o ke + Ii .

RCR , D.) f.gs-RCR.fr G :) fg .

e-
These

rings
have iron tnnabow .



Replace ✗ and dis with Yg⇐|Di's

m Ii Weil divisors
. E- A Cma:)

I = I

"""" ' " "→

Oi c- ①✗ (mail , with
zero

lows Mdi . , O- Cos. . . -0kt c- HTXE)

S the timor of 0 in T.
Ts

, . . .
.

TK sections of E .

T- Ta +
. . .

+Tr
. , I = Tt 51m

Oycmcket I ) ) is the tautological line bundle associated to

Ecmhrx ) .

Thus
,
RCR.D.de R(Rof , mCKe+I ))

.

↳ reduce to the case is-1
.



claim:{We need to check F- ample + eft

& (T.I ) is Jlt :

(Yih ) is log smooth outside supple .

Adduction + induction proves that G.P ) is Itt around I.

f-* A £51m E I
, T ample over ✗ .

Hence , f-* A + ET is ample on Y lover G)
.

A
'

~
o.o f- A + ET general ample

Then , we write :

hey +I ' = He + I - ÉT - 1- •A +A
'

now Kitt
11
✓ 1

ample + eff
-

CY, I
' ) KIT .

Prlizof , mCk-ctP )) = Rcizof , mCk-c+I ' ) )
☐

'



Corollary ! R :X → -0 projective, V affine .

✗ On - factorial . , (✗ ill ) Jlt ,
- (Kota ) ample over -0 .

Then ✗ is a MDS .

Proof : hi 10×1--0 (from Kv ).

Ds
,
. . ;D's divisor > generzty N'CX )

.

I c- I -mlkxtl) ) general.

(✗ 1<1+1/m ) kltkxtdi-thm~o.co .

(

X.LI/-I1mt1-nDi)k1tn(Kx+d+t7m+n-Di)~aDi
.

☐ .



Moduli spaces of comes:

Corollary (1.2.1 ) : Let ✗ = MgTn .

Ii with Leier denote the bounding dmioon
.

= Iii aiki , 0£ died
. Then CX.LI ) is by

canonical . If kith is big , then it has an ample

motel
. It airs , for some fixed 8 ,

then the ample

hotels obtained are only finitely many.

Lemma : ✗ = MJ ,
X is On - factorial and * It .

D= reduced boundary . (✗ iD ) by canonical and 15×+0

is ample .



Lemmon : ✗ = MJ ,
X is On - factorial and * It .

D= reduced boundary . (✗ iD ) by canonical and ¥0

is ample
-

Proofs CXID ) is locally the quotient of a normal

crossing parr .

If n=o ,
then Kx+D is ample (Mumford , 19777.

R : Ñginti →M-gin.LY
,G) (✗ iD)

IEM-g.my- Ñginti

+1
.

I "s
v

the uniuerodu-g.in tlgmmorphism

definition of stable pairs , we get ku-g.int , + I -

has positive degree on the fibers of 4 .

Hence Kt +G is trample .



> Towards ample cone of MgT
We can write . ( Gibney, keel ithorrirm

✓

Kit G- = 12*(16×+0) +4 where front

k×+D is ample by induction on n
.

Ezo small enough
'

E (kitG) + CI - e) ticketD) ample
←

Then try + G- = E Cky + G) + Ci - e) (Keta )

=eYÉ⇒+c '

2MP↳zmp1e^É
☐

'



Proof of 11.2.1 ) : Kx +0 is ample & lag canonical
.

Hence
, ✗ + LI is 1- It provided arcs

.

Pick A-
a .SCk×+D) |oci I

÷

general ample .
Note that .

(1+8) lkxtl ) - Kx + SCkx+D ) + CHOI - 8D

no Ax + A- + ☒
F-÷

KIT with boundary of the form A- + Bzo .

of CLI - 8D) +8<1--13 = 1- SCI -D) ED .

BED .

Then , we can apply finiteness of ample models
.

☐
.



Singularity Theory :

(✗ i x ) an algebraic omg .

4 :-(→ ✗ projective birational
V1

E E is an isomorphism between
'

YIE = Xllxl

Tackle question on Hix ) by studying the projective variety E .

This is called a global - to - local principle

Corollary 1.4.3 : Let [✗ id ) be a roll. pair .

& be a finite set of divisional valuations over ✗

with 1g discrepancies in the internal coal .

Them we may find a projective birational morphism

R :'(→ X
,

S -t T is ② - factorial and

the exceptional divisors of R correspond to elements of &



Proof : W f- ✗ 1g resolution

extracting all the triers corresponding to

elements of le

%
Hurt I = f-

•

Ckx +a) +E ?
?

f- *4--4 .

AE - o .

F- = sum of all prime
divisors

, exceptional over ✗ ,

neither on E nor G
.

OI = + EF for E small enough

good minimIII--kñ*+em!! :* .

Alf
, § by over ✗ .

i

W f- → y L - ⑤
= I , g. CE +EF ) - E

'

§ try + I = Rick✗ +d) TEX
- II. ×

.hef over ✗

The only dnnooro that we extract on 7 are those in & '

☐ .


